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Modeling of Environmental Torques of a Spin-Stabilized
Spacecraft in a Near-Earth Orbit

N. W. TlDWELL*

Honey well Inc., Minneapolis, Minn.

This paper is concerned with modeling disturbance torques experienced by spin-stabilized
spacecraft in a near-Earth orbit. A computer program developed to simulate the particular
mission was used to evaluate the behavior of the torques, and a simulation was performed to
determine the attitude effect of each torque relative to the untorqued vehicle. The magnetic
interaction torques were the most significant in terms of spin decay. Torques caused by solar
pressure and gravity gradient were the next most significant, while the aerodynamic torque
was the least significant. The solar pressure and gravity gradient torques had the greatest
effect on precession (A<£ and A\//). State prediction within 15.4-arc sec was possible for 5 min
using only the residual magnetic moment and the eddy current torques in the vehicle model.
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Nomenclature

inertia ratios
components of rB
Earth's magnetic field vector, gauss
a constant
speed of light in vacuum
center of mass
width and length of solar panels, respectively
solar constant, 1396 w/m2

unit vector in direction of spacecraft orbital velocity
Earth's magnetic field strength = B//i0

moment of inertia dyadic of spacecraft
spacecraft principal moments of inertia
induced volume eddy current density
a coefficient based on the spacecraft dimensions

and <r
an integration parameter
length from cm to solar panel end of spacecraft
residual magnetic moment vector
spacecraft body axes components of the residual

magnetic moments
unit outward normal to ds
radiation pressure
coefficients based on spacecraft dimensions and a-
distance from Earth's center to spacecraft cm
direction from the cm to an element of volume
unit vector in direction of Earth's radius vector
radius vector from surface element to spacecraft

cm
area exposed to sun
torque due to aerodynamic pressure
torque due to the induced eddy currents
torque due to gravity gradient
torque due to the residual magnetic moment on

spacecraft
torque due to solar pressure
body axis components of torque
spacecraft orbital speed
inertial X axis directed from Earth's center to the

vernal equinox
inertial Y axis forming the inertial triad
inertial Z axis oriented along the Earth's polar axis
Euler symmetric parameters

deviation of 0 due to torque, arc sec; similarly, A<£
and AJ/' are due to torque

Laplacian operator
gradient of electric potential
thickness of solar panels

e0 = reflection coefficient of surface
6 = attitude angle about the second-displaced y axis
n = Earth's gravitational constant, 1,4082 X 1016 ft3/

sec2

Ho — permeability
pa = stream density
cr = static electrical conductivity
T,L,W = same parameters for the cylinder panels
T = unit vector directed at sun

TB = direction cosines of sun vector in the body frame
Tx,Ty,TZ = torque components divided by Iy
<£ = attitude angle about the first-displaced x axis
^ = attitude angle about the inertial Z\ axis
fi = longitude of the ascending node
ca = spacecraft angular rate vector
<i>x,6>y,6>2 = component of spacecraft angular rate

Introduction

PRECISE determination of spacecraft attitude is required
for infrared measurements for Earth resources detection,

military surveillance, and meteorology research. This paper
describes an attitude determination system designed for a life-
time of 1 yr and an attitude accuracy of 14-arc sec, as a result
of an Attitude-Referenced Radiometer Study (ARRS).f
A passive scanned star mapper and a sun mapper on a spin-
stabilized vehicle determine transit times of a celestial body,
and a ground data reduction program uses the transit times to
estimate the spacecraft attitude. A vehicle model including
significant environmental torque models is used to extrapolate
the vehicle state to the celestial observation time, and at this
time the vehicle state is updated. Two requirements are:
1) the model must predict the vehicle state about the spin axis
within 14-arc sec between celestial observations and 2) data
reduction must be fast enough to prevent any backlogging of
data collected throughout the 1 yr period. For the ARRS
mission (see Table 1), the disturbance torques caused by eddy
currents, residual magnetic moments, solar pressure, aerody-
namic pressure, and gravity gradient have been modeled.
This paper discusses the torque models. Computer simula-
tions determine the attitude deviation resulting from each
torque relative to an untorqued vehicle. Also, the validity of
comparing each torque to the untorqued case rather than to
the 5-torque case was determined through the use of a torque
additive property simulation. Simplifications of the models
are made where possible, and suggestions for simplification are
noted. Prediction times for various combinations of torque
used in the model are given.
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XZ PLANE -- SPIN PLANE
SPIN PLANE NOMINALLY LIES IN
ORBIT PLANE ± 5°
RADIOMETER OPTICAL A X I S
LIES I N X Z PLANE

Fig. 1 ARRS spacecraft configuration.

Torque Models

The computer program computed the attitude for an un-
torqued vehicle and the attitude and torque for the torqued
vehicle. Differences in the attitude and torque for output
were then computed. In all the simulation runs, the orbit
parameters were identical. The local anomaly v at the equa-
tor and a south heading, longitude of the ascending node 0,
and the inclination i are 187°, 45°, and 97.83°, respectively.

Residual Magnetic Moments

A torque will exist due to the interaction of current flow in
the spacecraft electrical circuits and induced moments with
the Earth's magnetic field vector B. The magnitude of the
moment is expected to vary due to changes in spacecraft con-
trol modes and power usage. While the design of the space-
craft can reduce the magnitude of the moment, a residual
magnetic moment M will remain, causing a torque,

= M XB (1)

Table 1 ARRS mission requirements and
S/C configuration

Orbital parameters: 500 km circular orbit at 97.38° inclination
Phasing—3:00 a.m. or 3:00 p.m. for ft = 45°

longitude of the ascending node

Spacecraft configuration (see Fig. 1)
Inertia characteristics: Iy = 65 slug-ft2; Ix = Iz =

54.2 slug-ft2

Magnetic characteristics:
Moment coefficients: Mx = My = Mz = 0 (±5 X 10 ~6)

ft-lb/Gauss due to preflight compensation uncertainties
AMX due to differences in sunlight and dark conditions =

5% of Mx
Experiment optical axis: lies in spin plane

Operational characteristics
Spin rate: 3 rpm
Attitude: spin axis nominally perpendicular to orbit plane

within ± 5 °; no control applied during instrument
measurement period

The TRM model was programmed, and a 1-orbit simulation
was made using the following values of the moments: Mx =
My = Mz = 5.170856 X 1(T6 ft-lb/gauss.

This moment value is representative of the early Tiros
spacecraft. Initial conditions were chosen such that a cone
angle of 0.61° was obtained, and the principal y axis of the
body was misaligned to the orbit normal by ^7.5°. Figure 2
shows Tx,Ty, and |T| vs time.

The first and second peaks of the envelope of each torque
plot represent the south and north pole of the Earth, respec-
tively. At these points, the magnetic field components are
greatest in the orbit plane and thus give the largest cyclic var-
iations. The y component of torque is cyclic with a period of
20 sec and a mean value of zero, it is a function of Bx, Mx,
MZ} and Bz where Mx and Mz are constants, and Bx and Bz are
cyclic in body axes with a 20-sec period due to the spacecraft
spin. The x component is also cyclic, with a period of 20 sec
(3 rpm spin rate) and with a mean which varies with position
in orbit because of the (MzBy) term; the cyclic portion is due
to the (MyBz) term.

The cyclic nature of the torque does not create a cyclic var-
iation in the attitude difference A0. The deviation in 0 at 95
min is —75 arc sec. Although A<£ and AT/' have spin rate

f)= 45° ^o = 49.8° ux = 0.24 deg/sec -

i = 97.6° eo=180° C L ) Y= 18 deg/sec

^=187° 0Q=194° uz = 0 deg/sec

-5.0 I————|————I————I————I————I————I————I————I————I————I————I————I————I————I————I I
5.4 10.5 15.8 21.1 26.4 31.7 37.0 42.3 47.5 52.8 58.1 63.4 68.5 74.0 79.4 84.5 89.7 95.0

Time, Min

Fig. 2 Torque on spacecraft due to residual magnetic moments.
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cyclic variation, the extent of the variation is insignificant over
the full orbit ~l arc sec variation of A0 at 95 min. These
results suggest that short-term variation of torque with a pe-
riod of 20 sec and mean of zero maybe deleted from the torque
model. The difference A^ has orbital variation of ±10-arc
sec on a mean drift of 40-arc sec/orbit.

Eddy Currents

Eddy currents are induced in the spacecraft due to the spin
motion of the spacecraft. Vinti1 showed that the interaction
of the generated eddy currents and Earth7s magnetic field pro-
duced a torque that precessed the spin axis of a spherical
spacecraft in addition to causing spin decay. For a spherical-
conducting spacecraft1

X B) X B (2)

where K is a coefficient based on the spacecraft dimensions
and conductivity, and G> is the spacecraft spin vector.

The appealing feature of this model is the single coefficient.
In using this model the attitude determination estimation pro-
gram need estimate only one coefficient. The subject space-
craft configuration, however, is not a sphere, and a new model
was derived to determine whether more coefficients are neces-
sary to describe the eddy current effects.

The general expression in gaussian units for the torque on a
spacecraft due to eddy current interaction is

TEC = 1/c/r X (J X H)d7 (3)

where J is the volume eddy current density, r is the direction
from the cm to the element of volume, c is the speed of light in
vacuum, H is the Earth's magnetic field strength = B//z0, and
Ho is the permeability = 1 for aluminum.

The volume current density in closed form is given by2

J = X H) X r + V0

where <j is the static electrical conductivity, and $ is the po-
tential that is required to satisfy the boundary condition and
LaPlace equation V2<£ = 0. For a sphere, 0 is a constant and
V0 = 0. The solution is now easily obtained for the sphere
by integrations over the volume.

For the ARRS configuration, J was derived for the skin of
the spacecraft, assuming that each solar panel and the cylinder
sides are electrically isolated, and the skin was chosen to be
thin, thus reducing J to a two-dimensional problem. First,
the J in the rectangular panel must be computed in closed
form. Thus, J is known once <j> is known. Then <j> is deter-
mined by the boundary conditions that currents normal to the
boundary are zero, and LaPlace's equation. This boundary-
value problem is the Neumann-type for which very few closed-
form solutions are known. However, for the two-dimensional
case with simply connected regions, the Neumann problem
can be reduced to the Dirichlet problem by using the Cauchy-
Riemann3 conditions, which transform </> into stream function
\l/. Following this procedure, solutions for the stream func-
tions are obtained, and the torque integral is rephrased in
terms of the stream function before integration. The
torque expression is obtained by integration over the volume
of each panel relative to a common body axis frame and adding
all torque due to each panel. Carrying out the integration,
the closed-form torque equation for the ARRS configuration

(4)

where the p's are constants evaluated using the dimensions and
conductivity of the cylinder panels and solar panels.

The equations for the p's are :

Pl =

- TT X
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where A = tanh(m7rL/2TF) + (L/W)* tanh(m7rWr/2L), B =
tanh(w7i7i/2d) + (h/d)* tanh(m?rd/2/i), and e, h, and d are the
thickness, length, and width, respectively, of solar panels; r,
L, and W are the same parameters for cylinder panels; m =
2n - 1, where n = 1,2,3, . . .; a = 31/2TF/2; and LI =
L — LI = distance from cm to end of cylinder opposite solar
panel end.

The torque expression has three coefficients for the ARRS
configuration spacecraft as compared to the single coefficient
for the spherical configuration. The coefficients (pi,pz,pz)
evaluated using the baseline dimensions of the vehicle and a
static conductivity of aluminum at 20°C1 are 2.075 X 10~6,
7.20 X 10^5, and 6.226 X 10-6ft-lb-sec/G2, respectively.

The coefficient p3 was chosen to be the same as the spherical
model coefficient K and.pi and p% were scaled in proportion to
the foregoing computed values. Figure 3 is a plot of the
ARRS configuration torque using the computed coefficients for
a one-half orbit simulation. The y component varies only as
a function of orbit position; however, the x component varies
at the spin frequency and the spin vector precession frequency
(motion of o> in the body). The peak points of the torque oc-
cur at the poles because of the greater magnitude of the field at
the poles.

There is no cyclic variation of A0, but A\f/ and A<£ possess a
spin-rate cyclic variation. The deviation in A0 at 45 min
is 3500-arc sec, and A<£ and Ai/' have a peak-to-peak variation
of 37.5-arc sec. The results suggest, for accurate propagation
of spacecraft attitude, that the torques caused by eddy currents
be included in the vehicle dynamics.

It is of interest to simplify the new model by reducing the
number of coefficients required to be estimated. A computer
simulation was conducted computing the difference in attitude
generated by the two models. The differences of the two
models are 1.4 arc sec in A0 at 45 min, and 0.4-arc sec peak-to-
peak in A^ about a zero mean at 45 min. For the attitude de-
termination accuracy considered, the spherical model is ade-
quate for the attitude determination algorithm.

Electromagnetic Radiation

The intensity of electromagnetic radiation is inversely pro-
portional to the square of the distance from the sun. About
99% of this solar energy lies in the narrow band from 3000 to
4000 A,4 with the remaining 1% distributed in the ultraviolet,
infrared and radio frequencies. The incident electromagnetic
radiation power density (the solar constant) received outside
the Earth's atmosphere at 1 a.u. from the sun is 1396 db
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Fig. 3 Torque on spacecraft due to induced eddy currents.
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14 w/m2. This power density which produces "light pressure"
is virtually unchanged with high solar activity. The radiation
pressure Pe acting on a nonreflective surface normal to the
incoming radiation

pe = Eo/c = 4.636 X lO-W/m2

where E0 = solar constant (1396 w/m2).
In developing the solar pressure disturbance torque model, a

constant pressure Pe = 1 X 10 ~7 lb/ft2 is used for a surface
normal to the sun line with no variation due to solar activity.
The torque is computed from the following three formulas
taken from Beletskii6

m+ = is Xfsitsfi-^ds (6)
m- = 2/81n X ra (n-^ds (7)

T8P = - €0)m+ + €0m] (8)
where ds = an area differential, rs = vector from body's c.m. to
ds, T = unit vector directed from sun, n = unit outward nor-
mal to ds, and e0 = body's reflection coefficient.

The integrations described in Eqs. (6) and (7) are per-
formed over the sun-exposed surfaces of the spacecraft. Three
assumptions are made about the exposed surfaces: 1) the sun
never shines on the end of the spacecraft opposite the solar
panels; 2) the shadow of the tip of a solar panel never strikes
.any part of the spacecraft; and 3) the sides of the spacecraft
(i.e., not the solar panels) constitute a circular cylinder rather
than a hexagonal one. The integrations of Eqs. (6) and (7)
over the end solar panels are quite simple; the integrations
over the sides are considerably more complicated. Since this
»end of the spacecraft is always fully illuminated, integration of
Eqs. (6) and (7) is performed to obtain a closed form for

1+-
"a0"
b0

C°0 , m- =
_aJbaL£ J I

"°1oj

= direction cosines of sun vector
in the body frame

L2 = length from c.m. to the solar panel end
S = area exposed to the sun

The integration over the cylinder portion of the spacecraft is
more complicated than the solar panels because shadows are
created on the cylinder by the solar panels. The solution over
the cylinder portion consists of integration over the cylinder
area with shadowing taken into account. The sunlight passes
between two solar panels to expose a portion of the cylinder.
This occurs between all panels if the surface is normal, n <
90° to the sun line. The equations for m+ and m~" are inte-
grated to obtain an analytical form for exposure of the cylinder
for light passing between two panels. The result for m4" =
/(n -Ti)ds is, for the i component

a0 cos0(sin20 + 2)

-° cos30
6

^°(0 - sin0cos0) + -£ sin20 |̂

For the j component

i'2 - ° cos0(sin20 + 2)6

cos3<? cosfl)

c0 sin0

- a0)—— — -(0 + sin0 cos0) — a0 cos0

in01 — L( - — L2 J(—a0 cos0 + c0 sin0)

For the k component

_ fda031/2sin3

0 + (a. - - -' sin0 X
O

(cos20 + 2) sin0 + X

(0 + sin0 cos0) I
$2

^>1

The result for
X r,(
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is, for the i component

^ cos0(sin20 + 2)
15

o \
+

2.9 _,

0
2 c o s 5 0 -

— sin4 0 cos0 —

— sin30 cos20 +

L2) X

'2a0Co){- sir

a.2 sin40

1 Fl 3-(d31/2c0
2 - 2a0Co) cos40 - c0

2 - sin0 cos30 + - X4 |_4 8

] a0
2 2 c 2

+ — sin30 — - a0c0 cos30 + -~ X
o o o

/T \ r~~ 2 o
sin0 (cos20 + 2) + L (- - L2) M- sin30 - - a0c0 cos30

-f sin0 ( cos2 0 + 2)
O J [*i

[For the j component, zero, and for the k component

2U02 - -siI L 5 sin40 cos0 - -^cos0(sin20 + 2)1 + -
15 J 5 X

(2a0c0 - sin50 - 2d - sin40 cos0 -

^- cos0(sin20 + 2) 1 -f15 J
2 • 3 Mi6 s mv) +Kl(Kl +

3 "1+ -(0 - sin0 cos0) +
° J

-(d31/2c0
2 — 2a0c0) 1 0 —

--d8-

L2) jd:

^(2d3c4

— sin46

'2c0
2(^sin30cos20 +
\5

B1/2a0
2 -sin30 cos0 +

L*

i0
l/2c0 - a0

2) sin40 +

) c 2 1+ -f- cos40 - - X
4 o

cos0 (sin20 + 2) + -a0c0 sin30 + -~ cos30 - L X
O O

(2 "" vL °3 2) + a°c° sin3^ "

f
where 0 is a dummy variable evaluated between limits <£>i and
f>2, Ki is an integration parameter, and L is the length of the
cylinder.

This solution is true, in general, for light passing between any
two solar panels. The numerical evaluation can be completed
for the value of the torque at any instant, given $1 and $2,
which are functions of the sun-line direction cosines and sur-
face orientation relative to the body-fixed axes and are deter-
mined at each evaluation time. In the computer simulations
of nights, real time seldom exceeds 2 or 3 hr, and it will be as-
sumed that S is a constant. A computer subprogram for
Tsp is called at each time step of the numerical integration of
the equations of motion of the spacecraft. It should be em-
phasized that the integrations of Eqs. (6) and (7) are not per-
formed numerically but are evaluated analytically at each
time step.

A simulation of one-half orbit was performed. The x and y
components of the torque (Fig. 4) exhibit cyclic variations.
However, the y component is 20 times smaller than the x com-
ponent. The envelope of the x component torque is essen-
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Fig. 4 Torque on spacecraft due to solar pressure.

tially constant over the simulation time, indicating very little
dependency on orbit position. The peak-to-peak of the x
component is symmetric about zero, but Fig. 4 does not show
this due to sampling points being 4.8 sec apart. Fig. 5 shows
the cyclic variation clearly. The magnitude of the torque is
essentially constant over the simulation period at 2.75 X 10~~6

ft-lb.
The deviations in attitude relative to the untorqued vehicle

exhibit only slight variation at the spin frequency. Again,
this suggests that terms in the torque expression that are cy-
clic may be deleted from the model. The torque causes a
spinup of the vehicle which results in a A0 of 100-arc sec at 45
min. The angles <t> and \l/ deviate positively from the un-
torqued case and are +65 and +10 arc sec, respectively, at 45
min. These deviations appear linearly as a function with
time, except for A0 which is increasing nonlinearly.

The Tsp subprogram was slow in execution due to evalua-
tion over the spacecraft cylinder to account for the shadowing
and is required at each evaluation step. Three approaches to
remedy the execution time were considered: 1) remove the ef-
fect of cylinder torque and consider only torque due to solar
panels; 2) compute and store torque due to spacecraft shad-
owing for one or two spin periods; and 3) compute torque
due to solar panels normally and add cylinder torque based on
the store of torque data for all subsequent scans. Approach 1
was tried unsuccessfully; approach 2 was successful.

Comparing the results at 45 min, the modified program
gives A0 = +97.2-arc sec, A<£ = +74.0-arc sec, and A\f/ =

3.0-

m
2.0-

\ys/vixv'\\.i\w\'vwvv

Initial conditions
^ = 49.96°
0 = 193.5=
9- 180,0'
o;x= 0.003654 rad/sec

= 03141592 rad/sec

16.7 33.4 50.1 66.8 85.6 100.3 117.0 133.7
Time, sec

Fig. 5 Torque on spacecraft due to induced eddy currents..
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Fig. 6 Torque on spacecraft due to gravity gradient.

4-10.0-arc sec with a 1.25-arc sec variation, and the correct
model gives A0 = +100-arc sec, A<£ = +67.5-arc sec, and A^
= +9.0-arc sec with a 1.25 arc sec variation at the spin fre-
quency. Based on these results, the modified program is suffi-
ciently accurate for simulation periods of ̂  orbit, and has been
used in subsequent analysis.

Stream
velocity

Stream shadow

Stream
velocity

Stream shadow

Gravity Gradient

The equations for the gravity gradient are expressed in a
body-fixed axes system (principal body axes). The torque on
a rigid body caused by the gravity gradient is

= 3jur (9)

Fig. 7 Aerodynamic stream shadow on spacecraft.

assuming that the Earth is spherical. Further, pt = Earth's
gravitational constant = 1.4082 X 1016 ft3/sec2, r = unit vec-
tor in direction of Earth's radius_yector, R = distance from
Earth's center to body's c.m., and I = moment of inertia of the
body. In body coordinates, the equations are

(10)

where TBX, TBV, and TBZ are the direction cosines of r.
A complete orbit simulation was conducted; Fig. 6 is a plot

of the torque. For symmetric spacecraft as we have chosen
here, TGy = 0. The x and z components of TG are cyclic and
are the same except they are 90° out of phase. Two zero
torque points occur because the spacecraft principal moment
of inertia is normal to the orbit plane twice per orbit. The
magnitude of TG is 4.65 X 10 ~6 ft-lb, which is slightly higher
than the other 4 torques.

The attitude deviation caused by this torque does possess
variation at the spin frequency but has only a peak-to-peak
variation of 2.5-arc sec in A0 at 56.3 min and is growing with
time. The torque terms that create the attitude variation of
the spin frequency may be eliminated considering the attitude
accuracy of 14 arc sec. The torque does cause a negative de-
viation in attitude, 6, <£, and ^ are — 17-, — 69-, and — 62-arc
sec, respectively. The torque affects precession of the space-
craft <f> and ^ more than spin decay 6. Even for the rela-
tively large value of the torque magnitude, the deviation in
attitude is not correspondingly larger than the deviation due
to the other torques. This is due to the attenuation of cyclic
torque at spin frequencies.

Aerodynamic Torque

The torque T0 consists of aerodynamic pressure torque due
to the spacecraft's center of mass velocity and a dissipative
torque due to the spacecraft's angular rate. The torque equa-
tion including these two effects is taken from Beletskii's
work.6 The following equation is valid when the spacecraft's
orbit velocity is large compared with the rotation of the at-
mosphere (Earth's rate approximately), the linear surface
velocities due to the spin of the satellite is small compared
with the spacecraft's center of mass velocity, and the angle of
attack of each surface encountered is less than ir/2.

.e,)(e» X r.)cte +

of {(n-[w X r.IXe, X r,) -f-

(n-e,)[a> X r.] X r*}ds Sf -6, > 0) (11)

where ev = V0/\V0\. The first term of Eq. (11) represents
torque due to misalignment of spacecraft c.m. and c.p. (center
of pressure). The second term represents dissipative torque
due to spacecraft spin. Upon examining the coefficient of each
term, the torque due to c.p. misalignment is approximately a
factor of V0 larger than the dissipative torque coefficient when
cor « Vo. For a 500 km-altitude orbit, V0 is 2.624 X 104 ft/sec.

Dissipative torque is a factor of 10 4 less than pressure torque
and is sufficiently small that the second term of Eq. (11) will
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Ill
Summarizing the equations for the torque, one has

-2.0
5.0

Tx o.o

o.o-

Initial conditions
n=45c ^=

1=97.6° e =

ux = Oo24 deg/sec

a ; = 18 de9/sec

0.0 5.4 10.5 15.8 21.1 26.4 31.7 37.0 423 47.5

Time, in in

Tig. 8 Torque on spacecraft due to aerodynamic pressure.

l>e neglected. Then
Ta = iCp07 (n -e,) (er X rs)ds S(n -ev > 0) (12)

-where domain of integration is indicated by $(n-e,, > 0).
The direction of the stream is in the orbit plane, and for this

Teason the spacecraft will present a different surface to the
stream, depending on the attitude of the vehicle.

Figure 7 illustrates two orientations of the spacecraft that
give two different domains for Eq. (12). The aerodynamic
torque will be represented by two equations because of the dif-
ferent surfaces presented to the stress as shown in Fig. 7.
The torque equation for the solar panels when Fy > 0 is given
"by Eq. (12) where S(n-ev) > 0 is the exposed area in Fig. 7b.

Torque due to aerodynamic pressure for Fy < 0 is different
than for Fy > 0 (Fig. 7b). The solar panels are not shad-
owed, but the cylinder is as shown in Fig. 7a. The shadow,
however, on the cylinder will be limited due to the attitude
•control limits.

In the derivation of the torque for the solar panels, we as-
sume a solid disk, where in actuality there are six rectangular
panels (Fig. 1).

foreVj < QorFy > 0

where

q£v X (n-e,)vi
Li

(fire, > 0)

cos - (i -

for eVj > 0 or Fy < 0

sn i -

^ 7T . ^ 7T ^nt- = cos-(i — l)i — sin-(i — l)k for i = 1, . . . 6.
o o

) cos|(t - l)i + ~ (L2'2 - L^)j

sin| (i -

L2 = [L2' - (r4 - r,)(e.-j)]/[l - (e.-j)2]1/2

v' = L27r(r4
2 - r3

2)j, v^ = Lnrrft

v = [r3(r4
2 - r3

2) sinl9]i +

j L27rr4
2 - L27rr3

2 - L2r3(r4
2 - r,2)1/2 - L2r4

2 sin"1^ jl j

- [r3(r4
2 - r3

2) cos^] k

where sin0 = vx/(l - ^2)1/2, cos^ = t;,/(l - t;,,2)1/2, and vx, vv,
and z;z are the components of the ev vector in body axes and the
symbol (nt--e» > 0) means sum over the surfaces whose angle of
attack is positive.

Table 2 Summary of attitude deviations A0 and A<£ (arc sec) due to each torque and the
total torque vs the sum of the five

Time,
min

5
10
15
20
25
30
35
40
45

5
10
15
20
25
30
35
40
45

Residual
magnetic
moment

-5.9
-10.6
-15.0
-19.3
-23.1
-27.5
-32.4
-37.3
-42.6

+2.8
+8.4

+ 14.2
+ 16.9
+ 16.2
+ 12.4
+7.8
+4.3
+0.6

Eddy
current

-20.6
-98.7

-269.1
-566.8

-1000.6
-1536.4
-2144.5
-2792.8
-3473.9

-0.17
-0.04
+2.1
-5.6
+5.8
+4.7

-22.4
+28.1
-10.8

Gravity
gradient

+0.24
-0.97
+ 1.40
+ 1.50
+2.00
+ 1.20
+ 1.08
+ 1.17
+0.10

+7.0
+ 11.7
+ 13.0
+ 16.4
+ 13.6
+ 15.0
+22.2
+21.3
+33.0

Aerodynamic
pressure

A0, arc sec
-0.02
-0.06
-0.44
-0.69
-0.24
-0.56
-0.44
-0.31
+0.52

A0, arc sec
+0.25
+ 1.1
+2.6
+8.7

+ 10.5
+ 14.2
+ 19.9
+ 14.7
+ 18.4

Solar
pressure

+ 1.6
+6.4

+ 14.2
+24.4
+38.6
+55.1
+74.1
-97.9

+ 122.6

+8.0
+ 16.3
+24.3
+32.6
+40.8
+48.4
+57.4
+64.7
+73.5

Total

-24.2
-102.0
-268.8
-560.8

QOO 0
—— i7OO . O

-1508.1
-2101.8
-2730.7
-3394.4

+ 18.0
+37.0
-56.5
+68.9
+87.0
+95.2
+84.8

+ 133.3
+ 114.7

Sum,
1-5

-24.7
-102.0
-268.9
-560.9
-983.3

-1508.2
-2102.2
-2730.7
-3393.3

+ 17.9
+37.5
+56.3
+69.0
+86.9
+95.1
+84.9

+ 133.1
+ 115.7
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The torque due to the solar panels in reality is varying with
a frequency six times the spin rates as opposed to the result
obtained in this analysis. This is because the shaded area
covers only part of the two solar panels, and as the spacecraft
rotates, varying amounts of solar panel area are shaded.
The disk-shaped panels give a larger magnitude of torque but
remain constant in absolute value.

A simulation of one full orbit was made and the torque is
shown in Fig. 8. The magnitude of the torque varies with
position in orbit, ranging from 0 to 3.0 X 10~6 ft-lb. The x
component is cyclic at the spin frequency and possesses two
periods of nulls over one orbit when the angle of attack is near
zero. Because spacecraft is spin stabilized, the angle of attack
will become zero twice. The y component of torque is zero.

The deviation of the attitude due to this torque is bounded
over one orbit. The deviation of A0 reaches — 5 arc sec at 20
min and remains constant to 36.7 min, then it reaches +2.0-
arc sec at 65 min. The attitude angles are bounded within
+ 10 and —20 arc sec for Ai/' and within +25- and +5-arc sec
for A<£. The aerodynamic torque indicates greater effect on
the precession of the angular momentum vector than in the
spin decay. The cyclic variation at the spin frequency is at
most 2.5-arc sec peak-to-peak. This suggests that cyclic terms
of the torque model can be dropped.

Torque Model Additive Property

For the purposes of simplifying the vehicle model used in an
attitude estimation algorithm, prediction times for various
combinations of torque must be determined. An analysis was
conducted to show that the individual effects (i.e., the attitude
deviation due to the individual torques relative to an un-
torqued spacecraft) of each of the five torques can be summed
to give the same effect as the combined five torques. Table
2 show that A(A0) is approximately 1.1-arc sec after 45 min of
orbit. This number could very well be attributed to round-
off (10th and llth decimal place). The difference in A(A<£)
is at worst 1.0-arc sec over 45 min, and A(Ai^) is at worst
0.5-arc sec. The results demonstrate the additive effect of
the torques on the spacecraft attitude. The result allows one
to determine quickly the prediction time allowed to meet the
specified 14-arc sec accuracy in attitude for various combina-
tions of torques. The residual magnetic moment and eddy
currents cause the greatest spin decay (A0). Solar pressure
creates a spin up which reduces the total spin decay. Gravity
gradient and solar pressure cause the greatest effect on pre-
cession

Table 3 Comparison of the effects of different
combinations of torque with the total torque

effect on A0 and A$ (arc sec)

Time,
min

5
10
15
20
25
30
3o
40
45

5
10
15
20

Sum,
1 + 2

-26.5
-109.3
-284.1
-586.1

-1023.7
-1563.9
-2176.9
-2830.1
-3516.5

+2.6
+8.4

+ 16.3
+ 11.3

Sum,
1 + 2 + 5

A0, arc sec
-24.9

-102.9
-269.9
-561.7
-985.1

-1508.8
-2102.8
-2732.2
-3393.9

A</>, arc sec
+ 10.6
+24.7
+40.7

43.6

Total

-24.2
-102.0
-268.8
-560.8
-987.3

-1508.1
-2101.8
-2730.7
-3394.4

+ 18.0
+37.0
+56.5
+68.9

Attitude Prediction Time

The prediction time is the time elapsed when the vehicle
model attitude propagation for different combinations of
torque differs from the five-torque attitude propagation by 14-
arc sec. Table 3 lists attitude deviations for various com-
binations of torque relative to the untorqued case. The last
column in each table is the deviation due to the five torques.
The deviations in the other columns are compared to the last
for determination of the prediction time. Considering 6 and
cf> prediction within 14-arc sec, Table 3 shows that the predic-
tion time for <j> is less than 5 min when only the residual mag-
netic moment and eddy current models (sum, 1 + 2) are in-
cluded. By adding solar pressure torque to the model (sum,
1 + 2 + 5), the prediction time can be at least 10 min, based
on the five torque model true environment.

Conclusions

The effects of five environmental disturbances on the space-
craft have been determined for the given spacecraft mission.
The torques due to the eddy currents, solar pressure and aero-
dynamic pressure depend on the spacecraft configuration and
were derived for the specific spacecraft configuration. The
torque due to eddy currents was derived only for the space-
craft skin because the lack of definition of components and
packages in the spacecraft. And in general, a closed-form
solution for the eddy currents is feasible only for a few special
cases. It is concluded that an exact model for the entire
source is not feasible. The torques due to solar pressure and
aerodynamic pressure were derived in closed form, but due to
time-varying shadows in the spacecraft, the closed-form
equations are very complex.

The torque due to eddy currents and the residual magnetic
moments had the greatest spin decay effect. The gravity
gradient torque had the greatest effect on the precession (<p and
\l/)j i.e., angular momentum precession). The solar pressure
created a spin up and was third in its absolute effect on spin.
The aerodynamic torque had the least effect on the spacecraft
attitude. The five torques were incorporated into a vehicle
model that was used in a simulation of the true attitude de-
termination sensor output.7 For 5-min prediction time be-
tween stellar observations, the torques due to the residual
magnetic moments and the eddy current are adequate for use
in the attitude estimation algorithm to account for spin
decay.7

By adding the solar pressure to the algorithm model, the
spin decay over 45 min is well within the accuracy of 14-arc
sec. However, the precession error limits the prediction time
to about 10 min using only the magnetic and solar pressure
torques.

The ARRS eddy current model was found to have nearly
the same effect on attitude as the spherical model. Therefore,
the spherical model is adequate for the estimation algorithm.
The advantage is that it has one coefficient. This reduces the
number of parameters to be estimated and naturally speeds
execution of the algorithm which is important when one year
of data must be processed. Purely cyclic terms in all of the
torques may be removed without loss of state propagation ac-
curacy yet gain speed in program execution. This was shown
by E. C. Foudriat.8 Due to the slow execution time for the
solar pressure torque, it was modified to compute the torque
due to the time-varying shadows over one spin cycle and inter-
polated for the entire orbit. The modified model was used in
subsequent simulation.7

Appendix: Vehicle Model

The equations of motion used to analyze the effect of the
torques are

0>* = [«„&>,(! - C) + TX]/A, Uy = W*CO,(C - A) + Tv
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o>z = [uxUy(A — 1) + Tg]/C, dii = ( —co2a2cOy7i — 0)372)72

ai = (co2«i + o>xji + 603,72)72,
71 = ( — UyOii — <j)xct2 + coz72)/2

72 = (UxOLi — UyOiz — C020!i)/2

where A = Ix/Iy and C = Iz/Iy] fx, ry, and rz are torques di-
vided by Iy] cox, coy, and coz are body rates; and «i, «2, 71, and
72 are Euler symmetric parameters.

The two major coordinate systems used in this program are
the inertia! coordinate frame and the body-fixed coordinate
frame. The inertial coordinate frame has its origin at the
center of the Earth with the Xt axis directed to the vernal
equinox, and the Z/ axis along the Earth polar axis. The body
frame has its origin at the cm, and the axes defined by the
principal-moment-of-inertia axes. The Euler angle rotations
from the inertial to the body frame are \f/ about the Zi axis,
<t> about the first-displaced x axis, and 6 about the second-dis-
placed y axis.

The equations of motion are written in terms of Euler sym-
metric parameter. Conversion between Euler angles and the
symmetric parameter is accomplished by equating the trans-
formation matrix E(\l/,4>,6) to #(a,a2,71,72).

The equations of motion were programmed to compute
body rates and spacecraft Euler angle attitude for the un-
torqued case and the specified torque case. The torque in
body axes and the difference in Euler angle attitude was
plotted.
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